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Abstract 
Outside the application limit of the stress intensity factor based fatigue life calculation, a substitute procedure has to be defined. 
Various proposals for a crack driving force parameter in elastic-plastic fracture mechanics are discussed. A preference in favor of 
the cyclic 'J-integral is elaborated, keeping its theoretical limitations in mind. Crack closure is also an important issue under 
large-scale yielding conditions. Experience cannot be transferred from the small-scale to the large-scale cyclic yielding regime or 
vice versa. The consequences for the fatigue lives under variable amplitude and multiaxial loading are shown. 
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Selection and peer-review under responsibility of the Norwegian University of Science and Technology (NTNU), Department of 
Structural Engineering. 
Keywords: Fatigue crack growth, plastic strain, crack driving force, crack closure, variable amplitude loading, multiaxial loading. 
1. Introduction 
The fatigue crack growth rate is determined by stresses and deformations at the crack front. According to the 
linear theory of elasticity, a singularity appears at crack fronts. Its intensity is closely related to the near-tip stress 
field. In a first-order approximation crack growth rates are usually linked to the range of the corresponding stress 
intensity factor. However, plastic and disruptive processes at the crack tip are responsible for crack propagation. The 
applicability of a parameter derived from a linear theory to describe highly non-linear phenomena is limited. 
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Nomenclature 
a crack length  
E Young’s modulus 
J J-integral 
K stress intensity factor 
m constant 
R stress ratio 
t stress vector 
u displacement vector 
W strain energy densuty 
Y geometry influence function 
Gt crack tip opening displacement 
H strain 
V stress  
 
Various observable phenomena of fatigue crack growth cannot be explained without considering cyclic plasticity. 
The influence of mean stress on the fatigue crack growth rate is a well known example where plasticity-induced 
crack closure supplies an explanation. The crack closure argument also provides an explanation of the various 
phenomena of load history effects, which may accelerate or decelerate the growth rate depending on a variety of 
conditions. Experience concerning fatigue crack closure cannot be transferred from the small-scale to the large-scale 
cyclic yielding regime or vice versa. Multiaxial and mixed mode aspects in the large-scale cyclic yielding regime are 
a final topic of the present paper. 
2. Crack driving force parameters 
The overview on the development of crack driving force parameters has been well documented by McClung et al. 
(1999). A first obvious trial to move from small to large scale yielding was to replace stress by strain quantities, see 
for example Boettner et al. (1965), McEvily (1969), or El-Haddad et al. (1979). At first, only the plastic strain range 
replaced the stress range in stress intensity factor formulas of a given geometry. Later the total strain range was used.  
 ε el plK E a YH H S'  ' '     (1) 
This makes more sense because a large scale yielding parameter should smoothly approach the small scale 
yielding parameter for vanishing plastic deformations. However, a strain-based intensity factor, 'KH, does not 
provide a measure of the strain singularity at the crack front. The most important advantage of such method is its 
surpassing ease of application. If applied as suggested, not even the growth rate constants have to be re-determined; 
they can be directly used from the small scale yielding formulation expressed in terms of the stress intensity factor. 
The theoretical shortcomings of 'KH can be overcome by using the cyclic crack tip opening displacement, 'Gt, as 
the crack driving force parameter which was proposed by many researchers, see for example McEvily et al. (1974), 
Tomkins (1975), or Tanaka et al. (1984). This measure of cyclic deformation is taken as close as possible to the 
location of material separation. It is generally assumed to provide a sound and unique correlation with the growth 
rate. However, its determination is a difficult task. McClung et al. (1999) have already emphasized that knowledge 
of a proper driving force is of little value unless that driving force can be either exactly calculated with sufficient 
economy or estimated with sufficient accuracy. Simple extensions of the Dugdale (1960) model led to 
approximation formulas see Vormwald and Seeger (1991). An alternative way to determine the cyclic crack tip 
opening displacement is to apply the strip yield model, Dill and Saff (1976), Führing and Seeger (1979), Newman 
(1981). The strip yield model is usually only applied to calculate the crack opening stresses. Schlitzer et al. (2012) 
calculated fatigue crack growth based on the cyclic crack tip opening displacement extracted from strip yield model 
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calculations. When going from large to small scale yielding conditions the parameter should (asymptotically) 
approach a bijective functional relationship with the stress intensity factor. For the crack tip opening displacement 
this function is provided by 
Y tK mE V G'  ' '    (2) 
where m=1 for plane stress conditions and mĬ2 for plane strain. 
The extension of the J-integral for application with cyclic loading according to Dowling and Begley (1976), and 
Dowling (1976) has drawn by far the highest attention of researchers and engineers who want to model fatigue crack 
growth in the large scale yielding regime. It also gave reason for severest academic dispute. The definition of the 
cyclic 'J-integral is given by  
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The prefix “'” of stress, Vij, strain, Hij, traction, tij,, and displacement, ui, quantities designates the changes in these 
quantities. These changes must be evaluated from a reference state. This reference state of all field variables serves 
as a new origin for defining increment-field variables, the latter attributed with the prefix. The stress and 
displacement state at the time of a load reversal is a natural and sound reference state. Then the increments '(...) 
designate the changes from the respective reference values. At the instant of the next reversal the field variables with 
a prefix are identical with the conventional ranges. However, the “'” in 'J and 'W  does not represent changes in J 
and W; instead 'J and 'W  are functions of their arguments as defined in Eqs. (3). Wüthrich (1982) proposed that a 
new variable, Z for 'J, should be used. The proposal did not achieve overall acceptance. McClung et al. (1999) 
suggested speaking of a “'J-integral” rather than the “range of the J-integral”; the latter is, strictly speaking, wrong.  
The path independence is the outstanding property of the J-integral and the 'J-integral. A path independent value 
is a measure of very near crack front stresses and strains responsible for material separation processes – on the one 
hand – and it can be determined by far field values, uncontaminated by numerical deficiencies – on the other hand. 
The most frequent objections raised to the 'J-integral argued that since the J-integral was based on the theory of 
non-linear elasticity or (with limitation) deformation plasticity, it does not allow unloading. However, Wüthrich 
(1982) proved the path independence if the 'J-integral is defined as given above.  
The 'J-integral has some remaining theoretical limitations. A first type of limitations has to do with the 
material’s stress-strain behavior. Yoon and Saxena (1991) have pointed out that path independence is violated if the 
material is not completely cyclically stabilized. Also, in the presence of temperature gradients and temperature 
dependent material behavior a strict compliance with path independence conditions cannot be achieved. Some 
remedies have been proposed, e.g. Blackburn (1972), Kishimoto et al. (1980), Atluri et al. (1984). These proposals 
for removing mathematical restrictions have recently found their way into engineering application, Bauerbach et al. 
(2013). 
A second type of limitations has to do with crack closure. There should be no stresses at the crack flanks 
otherwise path independence is violated. The instant of a complete loss of contact would be a natural reference state. 
This state is recommended by McClung et al. (1999). However, even at this instant the material at the various 
locations in the structure is at different stress-strain-positions on the ascending hysteresis branch. There will be no 
path independence during further loading. A valid 'J-integral can be calculated for a reversal from maximum load to 
crack closure load. This opens a route to deal with crack closure in connection with a 'J-based fatigue crack growth 
calculation. Choosing the instant of the maximum load as reference state, path independence is maintained during 
the descending reversal until crack face contact first occurs. Calculating the 'J-integral at the instant of first contact 
will provide a path independent effective 'J-integral, 'Jeff.  
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3. Crack closure under large-scale yielding conditions 
Measurements of the crack opening and crack closure levels under large-scale cyclic yielding conditions have 
been performed by many researchers, Dowling and Iyyer (1987), Rie and Schubert (1987), McClung and Sehitoglu 
(1988,1991), Vormwald and Seeger (1991), DuQuesnay et al. (1992), El-Zeghayar et al. 2010, 2011). The stabilized, 
nearly crack length independent levels of crack opening stress decrease with increasing applied stress, Fig. 1. An 
increase of applied stresses is attended by leaving the small scale yielding regime. The decrease of crack opening 
stress means that the crack driving force parameter increases more than linearly with the applied stress due to 
plasticity influenced loss of crack closure.  
 
 
Fig. 1. Crack opening stress as function of applied stress, Vormwald et al. (1992) 
Newman’s (1984) approximation formula for calculating crack opening stresses describes the trend correctly. 
Fig. 1 shows a comparison of calculated and measured crack opening stresses. The general experimentally found 
trend of decreasing crack opening stresses with increasing amplitudes is nicely mirrored by the approximation. The 
wide scatter of experimental results is due to the difficult experimental technique with the associated scatter and to 
the definition of crack opening itself. Not always is the complete loss of contact defined as crack opening.  
4. Variable amplitude loading 
In the small scale yielding regime, plasticity induced crack closure explains in a large part the mean stress effect, 
see for example Vormwald (2011). Moreover, the variety of load sequence effects leading to crack growth 
acceleration or retardation can be described taking the sequence dependent crack closure into account, Führing and 
Seeger (1981), Newman (1981). For example, a tensile overload usually causes delayed fatigue crack growth 
retardation.  
In cyclic loading with large plastic strain amplitudes the plasticity influenced crack closure behaviour differs 
considerably from what is known for the small scale yielding regime. In Fig. 2, the local strain measured in the 
stress shadow of a fatigue crack is plotted against the applied nominal gross section stress. Results for a simple 
variable amplitude load sequence are shown: Cycles with nominal strain amplitude of 0.2% are interrupted by a 
large cycle of 0.5% strain amplitude every 26 cycles. The kinks in the hysteresis loop of the large cycle indicate 
crack opening and closure, respectively. The crack opens and closes at nearly the same strain values. Crack closure 
is governed by the large cycle. Therefore, the crack is completely open during the small cycles. Without a periodic 
overload by a large cycle a crack would be partly closed during a cyclic load with 0.2% strain amplitude, Vormwald 
et al. (1992). Due to larger effective ranges the crack grows faster during the smaller cycles than it would do under 
constant amplitude loading. Overloads usually accelerate fatigue crack growth in the large strain yielding regime. 
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Fig. 2. Crack opening strains in a variable amplitude test, Vormwald et al. (1992) 
5. Multiaxial loading 
The general problem of large scale cyclic yielding fatigue crack growth under non-proportional combined 
loading with local non-proportional mixed mode situations is far from being solved either theoretically or 
practically. It is worth noting that this general case is also still unsolved for small scale yielding conditions. The 
research community, however, has tackled some simpler special cases with increasing success. McClung (1989) 
carried out finite element calculations with the node release technique. He investigated various biaxiality ratios. 
McClung et al. (1999) later revisited these investigations and reported the general trends found for R=0 and R=-1 to 
be consistent with experimental data, McClung and Sehitoglu (1988), Brown and Miller (1985), Hoshide et al. 
(1981). In recognition of McClung’s numerical results Savaidis and Seeger (1996, 1997) decided to adopt its basics 
for estimations of crack closure of surface cracks. They provided a sophisticated empirical modification of 
Newman’s crack opening equation. 
A surface crack estimate of 'Jeff was constructed by Savaidis and Seeger (1996,1997). They also adopted 
Vormwald and Seeger’s (1991) sequence dependent crack opening strain algorithm which identifies sequence 
dependent effective ranges. The non-proportional case – short semi-elliptical surface cracks, large scale yielding, 
crack closure, and recently variable amplitudes – has been treated by Döring et al. (2006), Vormwald and Döring 
(2009), Hertel and Vormwald (2011). Their model follows the concept of a critical plane approach. The fatigue 
crack growth simulations have to be performed for a variety of potential planes. The plane with the shortest life is 
decisive.  
6. Conclusions 
In the case of large plastic strain amplitudes fatigue crack growth simulations have to apply a crack driving force 
parameter of the elastic-plastic fracture mechanics. The plasticity-induced crack closure is different in the small and 
large scale yielding regime. Plastic deformation in the wake of the crack leads to a decrease of crack opening and 
closure levels with increasing applied stress amplitudes. Large effective stress and strain ranges cause high crack 
growth rates. In variable amplitude loading the sequence dependent crack opening and closure levels usually lead to 
fatigue crack growth acceleration for cycles with smaller amplitudes following cycles with large amplitudes. It is 
expected that progress in improving the simulation accuracy of fatigue life predictions can be achieved only by 
taking cyclic plastic deformation into account in a reasonable way. 
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